We investigate the thermal QCD transition with two flavors of maximally twisted mass fermions for a set of pion masses, 300 MeV <mπ <500 MeV, and lattice spacings a <0.09 fm. We determine the pseudo-critical temperatures and discuss their extrapolation to the chiral limit using scaling forms for different universality classes, as well as the scaling form for the magnetic equation of state. For all pion masses considered we find resonable consistency with O(4) scaling plus leading corrections. However, a true distinction between the O(4) scenario and a first order scenario in the chiral limit requires lighter pions than are currently in use in simulations of Wilson fermions.
I. INTRODUCTION
The transition from a confined phase with broken chiral symmetry to a deconfined chirally symmetric phase is an important subject for studies of finite temperature quantum chromodynamics (QCD). This transition is relevant for the evolution of the early universe and reproduced in current heavy ion collision experiments. It can be investigated non-perturbatively using lattice QCD as long as the chemical potential for fermion number is small, µ/T < 1. A lot of effort has been invested in lattice studies at zero chemical potential, for recent reviews see [1] [2] [3] [4] . Impressive progress has been reported very recently by several collaborations working with different fermion discretization schemes [5] [6] [7] [8] [9] [10] . In particular, lattice QCD with staggered fermions and physical quark masses does not predict a true phase transition but an analytic crossover in the limit of zero chemical potential [11] . Similarly, results on the transition temperature and the equation of state have predominantly been obtained from simulations with staggered fermions [12] [13] [14] [15] [16] . However, this fermion discretization is subject to an on-going debate and there is no formal proof that its continuum limit will reproduce the universality class of QCD [17] . It is therefore desirable to obtain independent results with other discretizations, in order to have some mutual control over systematic errors.
Unfortunately, Wilson-type fermions (and even more so chiral fermion formulations) require higher computational costs. It is thus expedient to study the nature of the phase transition for various larger than physical quark masses and to extrapolate to the physical situation. Moreover, knowing global properties of the phase transition as a function of the light quark masses constrains the enlarged phase diagram including the strange quark and non-vanishing chemical potential [18] . An as yet unsettled crucial question in this context is the nature of the phase transition in the two-flavor chiral limit. Most studies favor a second order transition in the O(4) universality class [19] [20] [21] [22] [23] [24] but there are also claims for a first order transition [25] [26] [27] [28] [29] . Since in the continuum and chiral limits the transition is associated with the breaking of a global chiral symmetry, it is necessarily a true and non-analytic phase transition and one of these scenarios has to be realized [30] , while an analytic crossover is ruled out. On the other hand, for moderate and intermediate quark masses, the transition is an analytic crossover, before it turns into a first-order deconfinement transition for very heavy quarks.
In this article we study the thermal transition with two degenerate flavors of maximally twisted mass fermions, which provide an O(a)-improved Wilson fermion discretization, for a review see [31] . As a first step we focus on the determination of the phase boundary, i. e. the pseudo-critical temperatures T c (m π ) using the Polyakov loop, the chiral condensate and the plaquette as observables. We do this for a set of pion masses, m π ≈ 300 − 500 MeV, and attempt various extrapolations to the N f = 2 chiral limit. Similar efforts were recently under way employing clover improved fermions [32] [33] [34] .
The following section serves to specify our simulation setup. In Section III we introduce the observables and collect the pseudo-critical couplings from our simulations. These results allow for an estimate of the size of the discretization errors present in our simulations. In Section IV we use these pseudo-critical points for an extrapolation to the chiral limit. We discuss pos-sibilities and limitations in discerning the order of the chiral phase transition. Finally Section V gives some conclusions and an outlook.
II. SIMULATION SETUP
We consider QCD with a mass-degenerate doublet of twisted mass fermions, cf. the review by Shindler [31] . The gauge action is tree-level Symanzik improved while the fermion action is
(1) The fermion fields are written in the twisted basis {χ, χ} which is commonly used for numerical simulations. It is connected to the basis of physical fields {ψ, ψ} for the relevant case of maximal twist via
(2) The quark mass is determined by the hopping parameter κ, which parameterizes the untwisted bare quark mass component,
and the twisted mass parameter µ 0 . The Wilson covariant derivative is given by
In the weak coupling limit, β = 6/g 2 0 → ∞, zero quark mass corresponds to κ = 1/8, setting r = 1. For finite coupling this value of κ gets corrections through mass renormalization. The overall renormalized quark mass M is composed of the twisted and untwisted masses as
At maximal twist, the above fermion formulation is automatically O(a)-improved, i. e. cutoff effects linear in the lattice spacing a are absent for non-zero physical observables. Maximal twist is achieved by tuning the hopping parameter to its critical value κ c , corresponding to m cr , where the untwisted theory would feature massless pions. The required knowledge of κ c (β), as well as other input needed from zero temperature simulations in order to set the scale, can be interpolated from data by the European Twisted Mass Collaboration (ETMC) [35] . In Figs. 1 and 2 we show our interpolations for κ c (β) and the lattice spacing a(β). Our numerical evaluation proceeds by an HMC algorithm [36] within the publicly available code for QCD with twisted mass fermions [37] . Wilson fermions are well-known to feature unphysical phases for light quarks and coarse lattice spacings. Like the physical parameter space, these get extended to a third direction because of the additional twisted mass parameter in the current formulation. In order to stay away from unphysical regions, knowledge of the bare parameter phase diagram is required, which we have mapped out earlier in a preparatory study [38] . Status reports of our ongoing project have been given at the annual lattice conferences [39, 40] .
The temperature scale is set by the temporal lattice extent and the lattice spacing, T = 1/(aN τ ). In order to locate the phase boundary between the hadronic region and the quark gluon plasma, we perform scans in the lattice gauge coupling β, which thus corresponds to a change in temperature of the lattice system. Table I gives the list of runs for different pion masses and the naming scheme that we have adopted for the sake of simplicity. To adjust the masses, ETMC provides parameters for NNLOχpt-formulae at their values of β ∈ {3.8, 3.9, 4.05, 4.2} which can be used to iden- tify the relation m π (µ 0 ) at those couplings. For our N τ = 12 scans we have relied on the one-loop scaling relation
with β 0 = (11 − 2N f /3)/(4π) 2 and fixing the free parameter C at one of the available couplings. We have found this relation to work sufficiently well to create lines of constant pion mass within the errors quoted in Table I . The run at N τ = 10 has a constant aµ 0 = 0.006 in the β-interval from 3.865 to 3.930 for which we likewise have the same pion mass within errors in our simulation range. For the other β-values we have adapted the twisted mass according to a twoloop scaling relation similar to the one-loop formula shown above. The free parameter C has been adapted to produce aµ 0 = 0.006 at β = 3.88.
A final comment concerns the explicit flavor symmetry breaking due to the twisted mass term at finite values of the lattice spacing. This breaking has been investigated by the ETM collaboration for T = 0 theoretically [41] and in simulations [35] . The outcome is that effects from flavor breaking -formally of O(a 2 ) -appear to be negligible in all quantities investigated so far but the neutral pion mass. For this reason we use the charged pion mass throughout the paper. As will be explained in Section IV, for our scaling analysis we need to be close enough to the continuum in order to reproduce chiral symmetry, where flavor breaking should not play any role any longer. Comparison of two lattice spacings appears to justify this assumption. However, a third value of the lattice spacing is required in order to make these statements about the size of lattice artifacts more definite.
III. THERMAL TRANSITION TEMPERATURE
In order to locate the transition, we have used both pure gauge and fermionic observables. The gauge observables are the plaquette
with
and the real part of the Polyakov loop
The latter is of particular interest since it is the order parameter of the pure gauge deconfinement transition. Along with these observables, we look at their susceptibilities,
The renormalized (real part of the) Polyakov loop can be determined as [42] Re
where V (r 0 ) denotes the static quark-antiquark potential at the distance of the Sommer scale r = r 0 [43] to be determined at zero temperature. The chiral condensate ψψ represents the real order parameter of chiral symmetry breaking in the massless limit. An appropriate quantity to locate the chiral phase transition is the chiral susceptibility
Here, we consider only a part of that expression, the variance per configuration,
This quantity shows a peak associated with the chiral transition. Moreover, it is expected to dominate the signal of χ σ , see e. g. [44] . The pion norm
is interesting for twisted mass simulations because its definition is independent of the fermion basis. It is connected with the chiral condensate via
which has been proven for lattice twisted mass fermions in [45] . We have used this relation as a check for ψψ . At maximal twist the chiral condensate can be renormalized as follows (see the appendix in [46] and references cited therein)
This immediately suggests the form of a subtracted condensate, which is completely standard. However, the subtracted condensate is no longer an order parameter for the chiral transition. It is very easy to fix this problem by adding the zero temperature chiral condensate in the chiral limit. Thus, we introduce a (re)normalized condensate in terms of the ratio
where ψψ (T, µ 0 ) means ψψ to be evaluated at nonzero temperature and finite µ 0 . ψψ (0, µ 0 ) can be obtained from spline interpolations of T = 0 ψψ data in both the mass µ 0 and β. Additionally, to determine ψψ (0, 0) one has to perform a chiral extrapolation of the T = 0 ψψ data at every β-value one is interested in. We have used a linear extrapolation through three points at every β. The data turned out to be compatible with a linear µ 0 dependence over the whole temperature range we consider here. For the T = 0 data we were relying on results provided by the ETM collaboration.
The fermionic observables have been determined using the technique of noisy estimators, as in [47] . For |π| 2 we have calculated ten propagators per gauge configuration on Z(2) noise vectors. ψ ψ was evaluated using 24 Gaussian volume source vectors for B10, B12 and C12, and 24 Z(2) volume source vectors for A12 respectively. All propagators have been calculated on commodity graphics hardware using NVIDIA's CUDA programming language. The statistics accumulated for the various runs as well as the averages for the Polyakov loop and the chiral condensate are given at the end of the paper in Table V. Quite generally, we find the signals for the transition to be quite smooth and noisy which presumably is related to the fact that we are merely probing a very soft crossover in our range of pion masses. For a crossover there is no unique definition of a critical temperature as the physics changes smoothly and analytically between the different regions. A pseudo-critical temperature associated with the transition behavior of individual observables is in general observable-dependent.
In Figs. 3 -6 we show our data for σ 2 ψψ in accordance with Eq. (13) and the susceptibility of the real part of the Polyakov loop (Eq. (9)). We quite clearly see maxima for σ 2 ψψ in all cases, whereas for the Polyakov loop susceptibility we find only an onset of certain shoulders for the ensembles A12, B12 and B10. At the higher pion mass case C12, where we restricted ourselves to smaller statistics, there seems to appear a maximum also for the Polyakov susceptibility.
In order to estimate the pseudo-critical β c for chiral transition we have modeled the data for σ Gaussian
The results for the corresponding pseudo-critical chiral transition temperature T χ are collected in Table II.
In Fig. 7 we show the renormalized chiral condensate ratio R ψψ and the renormalized Polyakov loop Re(L) for the ensembles B12 and B10. The large error bars for the T -values in case of the B10 ensemble reflect the uncertainty in the scale setting.
By determining the inflection point of the renormalized Polyakov loop Re(L) we were able to estimate the deconfinement temperatures T deconf for the ensembles B12 and C12, see Table III .
We cleary see that T deconf > T χ for both higher pion masses. This corresponds to the observation reported in [42] .
From weak coupling analyses (valid at high temperature) it is known that the leading order a 2 -scaling towards the continuum limit might not set in before N τ 16 [48] . Therefore, discretization effects as a major source of systematical errors need to be thoroughly checked. Since the runs B10 and B12 share a common pion mass and differ only by N τ , they can be used in order to assess the magnitude of cutoff effects. As can be seen from Fig. 6 the quality of σ 2 ψψ for the B10 ensemble is not yet precise enough to allow for a Gaussian fit. The available data however suggests a maximum at around β ∼ 3.82 which corresponds to a temperature T ∼ 218 MeV and agrees with T χ at N τ = 12. Moreover the renormalized Polyakov loop and the renormalized chiral condensate (Fig. 7) agree within errors for B10 and B12 indicating small cutoff effects. 
IV. TOWARDS THE CHIRAL LIMIT
As indicated in the Introduction, the main interest in the N f = 2 thermal transition lies in its chiral limit, for which one would like to unequivocally determine the order of the phase transition. The chiral condensate ψ ψ then is an order parameter corresponding to the magnetization in an appropriate spin model of the same universality class. Finite quark (and therefore pion) masses break the chiral symmetry explicitly, thus corresponding to an external field. Provided the N f = 2 chiral limit features a second order transition and belongs to the O(4) universality class, one may extrapolate finite mass simulations using universal scaling relations, which hold within some scaling region around the critical phase transition [19, 21] . A priori it is not known how far into the massive region scaling extends, i.e. one can merely test consistency of the data with scaling. A further difficulty is that chiral symmetry is broken explicitly for Wilson fermions at finite lattice spacing, even in the massless case. Any universal behavior for these types of fermions thus corresponds to continuum scaling, which can only be observed once discretization errors are sufficiently small. Finally, the scaling relations we employ here are valid in the thermodynamic limit. Dedicated finite-size scaling analyses are required to establish the appropriate lattice sizes, but this is beyond the scope of the present study. Again, we assume our lattices to be sufficiently large and test for consistency with scaling.
We begin by attempting a fit of T χ (m π ) to the scaling form [21, 49] 
where we have dressed the critical exponentβ with a tilde in order to distinguish it from the lattice coupling. The "external field" in this case is the quark mass specified by the mass parameter aµ 0 , which in turn is connected to the pion mass in LOχpt via m 2 π ∼ µ 0 . Thus, it is important to keep the pion mass small for two reasons, the validity of both the scaling window and the LO of χpt. While there is good reason to expect that our pion masses are sufficiently small for the latter [35] , the size of the scaling region remains unknown at present. Unfortunately, we do not have sufficiently many data points or sufficiently small errors in order to determine the exponents, but fix the exponents and fit A and T c (0) only. For O(4) we have 2/(βδ) = 1.08 and the resulting extrapolation is shown in Fig. 8 , giving a chiral critical temperature T χ (m π = 0) = 152(26) MeV. It is now interesting to ask whether O(4) scaling can be discriminated from other behavior. As discussed earlier, the alternative scenario is a first order phase transition in the chiral limit. Often in the literature the same scaling relation is tested by merely changing to "first order exponents" (2/(βδ) = 2) [14, 50] . Doing so leads to an extrapolation with somewhat larger T χ (m π = 0) = 182(14) MeV. However, it is unclear to us whether the scaling relation is applicable in this case. Firstly, for a first order phase transition there is no diverging correlation length. Approaching T χ in the infinite-volume limit from above and below proceeds in different phases, with finite correlation length in each. Hence, there is no scaling and no universality in the sense of second order transitions (in particular β = 0 and δ = ∞ separately). The "critical exponents" usually associated with first order transitions specify the approach of the thermodynamic limit in finite-size scaling analyses, but do not apply to the relation (19) in the thermodynamic limit (for a detailed discussion of scaling for first order phase transitions, see [51] ). Secondly, if the chiral limit indeed features a first order phase transition, it will weaken with finite quark masses until it vanishes in a Z(2) critical endpoint. Fig. 9 shows the two possible scenarios. However, this means that coming from the crossover region at larger quark masses, an extrapolation to the chiral limit is never exact, as it would pass through a singularity at the critical point. Rather, the approach of this singularity will again be characterized by scaling, this time in the Z(2) universality class. In this case we may use again the relation (19) , but with a finite critical pion mass marking the critical point, m
We have attempted such extrapolations also. Our data are not sufficient to constrain m π,c . Therefore, Fig. 8 shows two extrapolations, one with m π,c ≈ 0 and another with m π,c ≈ 200 MeV. As the figure illustrates, our extrapolations alone cannot yet discriminate between the first order and second order scenarios. This would require drastically smaller pion masses, lower than the physical value even. Nevertheless, utilising knowledge about T c from other simulations we still obtain a tendency. The fit assuming a first order scenario leads to a critical temperature which is somewhat larger than expected from other investigations [1] . Of course, those extrapolations are likewise valid only in the O(4) scenario, so again this is merely a consistency test. For a fixed N τ , assumed to be large enough so as to be sufficiently close to the continuum, it is also possible to obtain the chiral critical β by means of the scaling relation [21, 49] 
with 1/(βδ) = 0.537 corresponding to O(4) exponents. For N τ = 12 our estimates for β c are shown in Fig. 10 and can be extrapolated in this manner. Consistent fits have been found taking all three points from A12 to C12 into account. The result for the critical chiral β-value is β chiral (N τ = 12) = 3.73 (9) .
We have carried out the same fit but with the two lower pion mass values (A12 and B12) only. It ended up with the same value. This result corresponds to T χ (m π = 0) ≈ 152(26) MeV where the error results from he scale setting. This number is in accord with our fits for T χ (m π ) for a second order transition in the chiral limit. Note however, that the lattice spacing necessary to set the scale stems from an extrapolation to smaller values of β than available from ETMC. This is reflected in the large uncertainty assigned to the temperatures. Next, the scaling of the magnetic equation of state can be investigated, Fig. 11 , where we follow previous Table IV) . studies [21, 24] 
The functional form of the scaling function f for the O(4) case is known [52, 53] . Since we do not know the correct normalization for τ and h with respect to QCD, we are left with two free parameters, c and d, that have to be fitted. We perform the fits in the β-intervals from β = 3.83(3.85, 3.89) to β = 3.97(4.03, 4.04) for A12 (B12, C12), respectively. The fit results are collected in Table IV. A fit for the line A12 works quite well, χ 2 /dof = 0.43, but giving β chiral = 3.57(4), which is smaller than the value estimated above by applying eq. (20) . In general we observe an increase of χ 2 and a decrease of β chiral with increasing mass. Indeed, B12 yields β chiral = 3.40 (5) , which would correspond to a much too low critical temperature below 100 MeV, while C12 gives even smaller values with larger χ 2 . Thus, the fit seems to account for scaling violations due to large mass by decreasing β chiral .
However, scaling violations due to the quark mass can be taken into account by an ansatz including corrections [24] ,
We have fitted our data in numerous ways by taking into account one, two or even three violation terms. Joint fits to the A12 + B12 ensembles are feasible in all three combinations, giving a β chiral the more consistent with the previous determination the more violation terms are included (see Table IV ). In Fig. 11 we show a combined fit to A12 and B12 fixing β chiral = 3.73 from our independent determination with χ 2 /dof = 0.63. Note that these fits with the two lower order violation terms are not able to include the C12 data with the requirement of a reasonable value of χ 2 /dof. However, if we include the next higher violation term b 3 h 3 in the combined fit to A12, B12 and C12 we obtain an acceptable χ 2 / dof = 1.8, see the the last line of Table IV . We observe that in this case the fit even prefers a value for β chiral compatible with the one from the analysis based on eq. (20) .
Since we are in a range of the scaling variable τ /h 1/(βδ) where the scaling function is rather flat, judgement on whether there are additional violations of the O(4) behavior or not is difficult. Repeating this exercise for the first order scenario with endpoint does not give further insight as the combinations of exponents are very close, 1/(βδ) = 0.537, 0.638 and 1/δ = 0.21, 0.20 for O(4) and Z(2), respectively. Therefore, our data are consistent with the O(4) scenario, but do not rule out the possibility of the first order case. This would require drastically smaller pion masses combined with finite-size studies, as the window for chiral scaling appears to set in for m π ≪ 300 MeV.
V. CONCLUSIONS
We have presented a (revised) first investigation of the two-flavor thermal QCD transition with maximally twisted mass fermions. Our results are compatible with existing work although, of course, staggered investigations are much more advanced [12, 13, 15, 54] . The quality of our signals is comparable to recent results with clover improved Wilson fermions [33, 50] .
For three pion masses in the range 300 MeV < m π < 500 MeV we have determined pseudo-critical temperatures for the crossover from the hadronic regime to the quark gluon plasma. The pseudo-critical temperatures -extracted for the two higher mass values -from observables related to chiral and deconfinement transitions, respectively, turned out to be different. Discretization effects in T c appeared to be small for our lattice spacings, a < 0.09 fm.
We have restricted ourselves to pion masses < 500 MeV in order to assure the validity of LOχpt as well as the scaling forms in order to extrapolate to the chiral limit. Assuming the scaling forms appropriate for different universality classes, such extrapolations gave critical temperatures in the range T c ∼ 140 − 200 MeV consistent with other studies. However, detailed fitting analyses demonstrated that the second order O(4) scaling regime is not yet reached. Scaling violations could be accomodated by leading order corrections due to finite-mass effects up to m π ∼ 400 MeV, while heavier masses violate even those corrections. By including higher order violation effects reasonable fits could be achieved with β c values consistent with the other determinations.
We find that truly distinguishing between the different universality classes and thus ruling out a first order scenario will require much smaller pion masses, m π < ∼ m phys π as well as finite-size scaling analyses. We hope to address these issues in future investigations. 
